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g (x)=(A24+1)A 1 (A-2[A* —H? (A% +1)?]

+2[H(A’+ 1)+ A1 —HA* +1) }x
—(2A) (A + )2 [H(A%+1) +A?]

X (2D, H ! +k,A~2[H(A? +1) - A?]}x?

Discussion

1) Expressions for the fluid streamlines and dust particle
paths’ can be obtained in the same manner as for the small-
disturbance theory.®

2) The shock wave is bent toward the wedge surface
[quadratic term in g;(x)] under the influence of the dust
particles.

3) Of practical interest; the surface pressure p,; on the wedge
is given to second order as

pS=A2(A2+1) e[ 2H+A*(A%+1) 7
+k [HA?+1) +A%]x}

showing that it increases linearly with distance from the vertex
of the wedge.
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A “‘Similarity’’ Solution for Laminar
Swirling Core Flows

D. G. Ross*
Chisholm Institute of Technology
Melbourne, Australia

Introduction

HE present investigation develops a linearized

“‘similarity”’ solution, based on the Oseen assumption of
a small axial disturbance velocity, for the far downstream
region of swirling laminar core flows embedded in a uniform
parallel following stream. The solution includes the cases of
““weak’’ swirl where the pressure perturbation is sufficiently
small for the axial and azimuthal fields to be effectively
uncoupled; ‘‘strong’’ swirl with significant pressure coupling
of these fields; and the special case of ‘‘very strong’ swirl in
jets transmitting zero, or at least very small flow force.

The approach used to obtain the linearized solution is
similar to that employed by Batchelor' in obtaining a
similarity solution for strong trailing vortices far downstream
of their point of generation.

The swirling core flows considered are of interest in con-
nection with modeling such practical applications as the flow
downstream of rotating bodies (e.g., spinning projectiles and
turbomachinery). These flows will be turbulent, whether in a
real application or in the laboratory; nevertheless, it appears
reasonable to investigate the laminar flow, particularly from
the viewpoint of understanding the role of the swirl-induced
pressure coupling and its effect on the axial flow.

““Similarity’’ Solutions for Swirling Laminar
Core Flows Far Downstream

We shall consider a single axisymmetric swirling core and
use cylindrical polar coordinates (r,¢,z) with corresponding
velocity components (u,v,w) to investigate viscous
development of the core in a uniform outer stream of velocity
W, and pressure p,,. If we consider the steady motion of a
viscous incompressible flow, and assume that 3/dz<d/0r;
u<w, and |lw— W,| < W,; then the equations of motion can
be approximated by':

B(W)+6(u)_0 1
az’ Brr - O
dv v 1dv v ~
(] 7 2
e V(Brz e r2)
ow _ 1dp (62w 19w
5= 55t (G o) )
2
v _19p )
r por

where p is the disturbance pressure due to the core flow, » the
kinematic viscosity, and p the uniform density of the fluid.
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The equations are to be solved subject to the boundary
conditions

9 d
u=v= w_2% =0, w,p finiteatr=0
ar ar
uv—0, w—W, p—p, as r—oo 5)

The momentum-integral equations (for derivation, see
Morton?):

z«S;p[ W, (w—W,) — V02 yrdr=F ©)

27r§0 orlvWydr=G @)

complete the specification of the solution. The constant F
represents the invariant ‘‘flow force,”” or net axial force
transmitted by the core. The constant G represents the in-
variant flux of angular momentum transmitted by the core,
which is equal to the torque transmitted from the source to the
fluid.

An order-of-magnitude analysis of Egs. (1-7) yields the
following similarity relations for the case of strong swirl in the
asymptotic region with lw— W, < W:

dvz\"
()

WO
T (LY
= | ) V= —ro [ —=
oWy i pWy \ vz K
Po—D ( G >2<Wo>3k F
- 2o , WeWy=——f(n,S
o oW, 7z (m) 0 2puzf(n )

®

where 7 is the similarity coordinate and i, A, k, and f are
nondimensional forms of the appropriate flow variables. The
form f is a function also of the nondimensional parameter
S=G?/pF(vz)?, where S represents the ratio of pressure
gradient and inertial terms, and is a measure of the dynamical
significance of the swirl-induced pressure deficit in the axial
flow balance.

The reduced forms of Egs. (1-4), in terms of the non-
dimensional variables, are

i’ +i= (nf’ +f+2Sg—§)n” )
31
nh” + (n+ 1)k +(5—%>h=0 (10)
af
N7+ (DS 4 255 =2S Gk k') an
20k’ = — 12 12)

where primes denote differentiation with respect to . The
transformed boundary conditions are:

i=h=n"f =9"%k'=0, fk finiteatn=0
i~0, h—0, f—0, k—0 as g—oo (13)

and the integral conditions (6) and (7) reduce to

2%50 (f+2Sq9k")dy=1, 87rgon'/2hdn=1 (14)
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Fig. 1 The radial profile of the modification to the axial disturbance
velocity, due to swirl-induced pressure coupling from the St(ZW,/»)
term, in swirling jets and wakes. The curve is a nondimensional plot of
~f3/A=1024%2f; /5= —e~"(1 — 2+ 92 /2) against 5.

Equation (10) may be integrated directly to give the general
solution

e"l
h=D,nV2e-ﬂ+Dzn’/1e-vSn—zd’? (15)

where D, and D, are constants of integration. The second
termy in the solution is singular at =0 and D, must be taken
to be zero, and D, is obtained from the appropriate invariant
integral (14) as D, =1/8x.

Substitution of solution (15) into Eq. (12) yields, with the
use of appropriate boundary conditions (13), the solution

1

k=——e 2
2562 ¢
Hence,
o= G Wo rex [—rZWO]
- 8mp 2v? 72 P 4vz
Ps—p G W, 1 —r?w,
o p (v7)’ 25672 exp[ 2vz ] (16)
represent solutions applicable for all ranges of swirl.
Assuming a solution to Eq. (11) in the form
S8y =f1(n) +5f2(n) an
yields the linear equations
nfi+ (q+ 1) fi+f,=0 (18)
nfi+ (n+1)f3+3f,=23k+nk’) 19

subject to conditions derived from Egs. (13) and (14):
0% f;=n"f3=0, f..f, finiteat n=0

fi—0, f,—0 as n—oo

27rSof1dn=1, 27r50 (fo+20k"ydn=0 20)
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The weak swirl solution, f;, has been obtained by Newman?
as

1 F -r*w,
=—e" —-W,= 21
i 27re or w 0 ZTrszeXp[ 4vz ] @h

The method of variation of parameters, plus some further
reduction, yields the general solution of Eq. (19) as

S2=Cx;+Crx;

X S

+ dt 22)
256w? Ja H—2t+(2/2)]

where C;, C, are constants of integration, =0 is an arbitrary

constant, and

2 nd

N e'an
—p— " 1_2 +_); = S,__.___._
x;(n)=e ( 7+ x3(n) =x, T (I=2ntm2/2)?

(23)

Using x, is the form given in Eq. (23) it may be readily shown
that £, (and hence w) is bounded at 5 =0 only if

-77 1

278 256x?

It is easily shown that the resulting solution (22) satisfies all
boundary conditions (20) (including the invariant integral),
with the arbitrary constant C,; remaining undetermined.

The occurrence of an arbitrary constant in the solution for
f>(n) is not surprising in itself. In fact, since the initial
conditions have been ignored, we must anticipate in-
determinacy at some stage of the expansion. Of greater
concern is the fact that the second term of the right-hand side,
whose coefficient is C,, approaches zero as 2 as y— o, and
not exponentially as we should expect to insure exponential
vorticity decay in the freestream.

Similar problems have been found in a number of viscous
flow problems involving asymptotic solutions. In the present
case we will follow the manner used by the Berger* and
assume a modified form of expansion (17) as

S.8) =f1 () +SLf2 () +a(2Wy/v)f5(n)] 24

where the form of f; () is uniquely determined by requiring
the resulting particular integral to be exponentially small for
large 4, although, as in Berger’s solution, we shall see that the
particular solution so defined is not unique.

Equation (11) now yields

J+ (n+ D) f5+3f;=0 25)

7+ (+ D43 =f+23k+0k") (26)

where 7 f5(0) =1"f1(0)=0, f5,/; —0 exponentially as 5~ oo,
It may be noted that the solution f, [Eq. (21)] remains
unaltered by the modification.

As we have seen previously, the solution of Eq. (25)
satisfying the boundary conditions is

f3=AU =29+ (n*/2)]e™"
where A is an arbitrary constant. This result is now sub-
stituted into Eq. (26); the resulting equation can be readily
solved by setting

fr=e " [1=29+ (v?/2) | H(n) 27N
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H(n) then satisfies the equation

(1 7+9 2—"—3)
T2 T2) a1 G-2me
7

7 +1287r2 , 7
17(1—27]+—> n(1—2n+7>

2

H” +

A first integral of this equation is

H I S A i
et (=294 Y =\ et (1-2041
e (1-m+ ) = e (1-24 )

5 1
A(1=20+5 ) oy G-2me] 2
x| t+ )+ Tygm 2007 |ar 28)

If f5(n) is to tend to zero exponentially as n— oo, we must
then require that

Sme"<1—2t+t2>[A<I—2t+t2>+ ! (3—2t)e"]dt—0
0 2 2/ 12872 B

This condition determines A = — (5/102477?).
A further integration of Eq. (28) will yield a solution of the.
form

H=Q(n)+B

where B is an arbitrary constant. There seems little point in
determining Q(n), however, since substitution in Eq. (27) -
yields

Sfo=e T =2n+(1?/2)1Q(n) +Be " [I =2+ (v*/2)],

which satisfies all the boundary conditions with B remaining
undetermined. Thus, f; is determined uniquely but f, is not;
this is not surprising, since, as commented by Berger for his
case, f, probably depends on the initial conditions. Indeed, in
the present approach the only details of past events are
supplied by invoking the invariant integral properties of the
solution. In principle we could seek to overcome the in-
determinacy in the solution by matching it with a near-wake
solution. However, the lack of such a solution makes this
impossible.
The expansion for the axial disturbance velocity yields

1 Wy 5 7’
=L —n-s&( ) -ﬂ(z—z w>
I=3z¢ y ) 204872 ¢ 5

2

+Se~ (1—2n+"7) [Q(n) +B]
or
w=Wot 47mprz eXp[— ’ZZO ] B 202?;)3 exp [_ r:::o ]
<[r-2(G)+3 () s (C22)
+0(n) +B} 29)

Figure 1 shows the profile shape for the St (zW,/») term.
For distances downstream large enough for the S term to be
neglected relative to the St.(zW,/v) term, this profile shape
represents approximately: the complete axial disturbance
velocity profile for very strong swirling jets delivering zero
flow force (F=0); and for F#0 the modification to the
Gaussian nonswirling jet or wake profile due to swirl-induced
pressure coupling. In the latter case we observe that strong
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swirl acts to reduce axial velocity on and near the core axis.
This effect is reversed as radial distance from the axis in-
creases, with a further, but only slight, reversal occurring
toward the outer region of the core. It is of interest to in-
vestigate whether this modification will be sufficient to shift
the axial velocity maximum off the core axis for a large
enough degree of swirl in the jet case. This requires
Zw/ortl,_o>0, wi,_,>W, which, from Eq. (29) may be
found to imply St(Wyz/v)>5127/15, Sta(Wyz/v)
<5127/5, respectively. However, since S, =1 and S~z72it
is difficult to see how the former condition can ever be met.
On the other hand, the solution indicates that the far field of
the momentumless jet (F=0) exhibits an axial velocity profile
with maximum velocity off the centerline.
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A Local Similarity Solution
for the Viscous Boundary-Layer
Flow Longitudinal to a Cylinder

Richard E. Sayles*
University of Maine, Orono, Maine

Nomenclature
a  =radius of the cylinder
¢ =a(wy/vz)” = curvature parameter
C; =2r,/pw}=dimensionless wall shear stress
f =w/wy=dimensionless axial velocity

r,z =radial and axial coordinates, respectively

Re, =wyz/v=Reynolds number

s = yz/wya’ = dimensionless axial coordinate

u,w =radial and axial velocity components, respectively

y  =r—a=distance above the cylinder surface
7 =y(wy/vz)”* = Blasius similarity variable

v =kinematic viscosity

0 =density

T =shear stress

Subscripts

0  =reference condition

w  =conditions at the cylinder surface

Introduction

HE boundary-layer flow longitudinal to a cylinder is
complicated by the transverse curvature of the surface,
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which precludes the possibility of obtaining a similarity
solution to the governing boundary-layer equations. Since a
similarity solution cannot be found, one naturally wonders
whether a transformation of the boundary-layer equations
exists that will minimize the streamwise variation of the
velocity profiles. If such a transformation exists, the bound-
ary-layer equations may, with some error resulting, be solved
to obtain the local velocity profile and local surface shear
stress without the necessity of accounting for the streamwise
history of the boundary-layer flow.

The most accurate analysis of the problem of a uniform
flow longitudinal to a semi-infinite, constant-radius cylinder
appears to be that of Sparrow et al.,! in which a coordinate
transformation was employed that was first suggested by
Seban and Bond.? This coordinate transformation results in a
dimensionless boundary-layer thickness that varies by a factor
of 15 over the solution domain which, therefore, precludes the
possibility of obtaining an accurate local similarity solution to
the transformed equations. Presented in this Note is a
coordinate transformation of the boundary-layer equations
that substantially reduces the streamwise variation of the
velocity profiles and the dimensionless boundary-layer
thickness. The transformed equations can then be solved as
ordinary differential equations to obtain the local velocity
profile and local surface shear stress with an error or 2-5%
resulting in the surface shear stress.

Analysis
The governing incompressible boundary-layer equations,
written in cylindrical coordinates, are

0 0
b—r(ru)+a—z(rw)=0 (1)

and

@

uaw aw (1 aw aZW)

_+ - = - —_—
ar wc’)z g r6r+6r2

The first term on the right-hand side of Eq. (2) introduces
the transverse curvature effect that precludes the possibility of
obtaining a similarity solution for this boundary-layer flow.
Since a similarity solution does not exist, a dimensionless
axial velocity component is defined as

f(ﬂ,s) =W/W0

Lol vz/w,a® = 470.
\///,:/’,,

0.8 7 P .
o Vs =z
z ~ 2.4
<~ 0.6 // /’ —
= / // 0.0
0.4 - / -
0.2 —{
0 | | 1 I
o] 1.0 20 3.0 4.0
1
ylw, /vz)e

Fig. 1 Velocity profiles at various axial distances for the flow
longitudinal to a constant-radins cylinder:  ( ) difference-
differential solutions, (-----) local similarity solution.




